We prove that cyclic Petri net reachability sets are nite unions of linear combinations of integer vectors whose sizes are exponential in the size of the cyclic Petri net.
Introduction
Petri nets form one of the most used models for the speci cation and the veri cation of parallel and concurrent systems and most recently for real-time systems.
Recall that verifying a Petri net often amounts to test the inclusion of a Petri net language (representing the implementation) in a nite automaton language (representing the speci cation). This is equivalent to decide whether a vector of nonnegative integers is a reachable state in the Petri net. Another important problem can be given by the equality problem i.e. the problem of deciding whether two di erent Petri nets have the same reachability set.
The former, the so called reachability problem, has been shown decidable, in two di erent ways by Mayr 13] and Kosaraju 12] , 15 years ago. However, the proposed algorithms are not primitive recursive and, up to now, we don't even know whether the reachability problem for Petri nets is primitive recursive or not. The equality problem has been shown undecidable by Hack 8] , in 1976. These two problems are probably the most di cult ones in Petri net theory. To the best of our knowledge, up to now, no tool implementing these algorithms has been provided.
There exist, however, some other algorithms for the veri cation of subclasses of Petri nets such as free choice Petri nets 6], con ict free Petri nets c 1997 Published by Elsevier Science B. V.
We add to this list cyclic Petri nets. A Petri net is said to be cyclic if and only if its initial marking is a home state marking. Cyclic Petri nets are used in the design and control of production systems and in the design and veri cation of communicating protocols. They have been introduced by Araki and Kasami 1] in 1977. In 1], Araki and Kasami proved that the reachability sets of cyclic Petri nets are semi-linear. They also gave non primitive recursive algorithms to decide (1) the cyclicity problem (i.e. the problem of deciding whether a Petri net is cyclic), (2) the reachability and (3) the equality problem for cyclic Petri nets. We, however, gave in 2], 2 c:n:log(n) space algorithms to decide the same problems.
In this paper, we show that cyclic Petri net reachability sets can be given in a form of nite unions of linear combinations of nonnegative vectors whose sizes are exponential in the size of the Petri nets.
Our proof is organized as follows. 
De nitions and previous results
A Petri net is a tuple N = (P; T; F) where P = fp 1 ; p 2 ; : : : ; p m g is a nite set of places, T = ft 1 ; t 2 ; : : : ; t n g is a nite set of transitions and F : (P T) (T P) ?! N is the ow function. A marking M is a nonnegative m-dimensional integer vector. A (marked) Petri net is a couple (N; M 0 ) where N is a Petri net and M 0 is the initial marking. Given a marking M 2 N m and a sequence = t 1 :t 2 : : : t k 2 T , we recall that is reable at M if for every place p 2 P and for every pre x i = t 1 :t 2 : : : t i of we have:
A reable sequence = t 1 :t 2 : : : : :t k at a marking M may re and it yields the marking M 0 , M ?!M 0 , de ned by: 
Since we will be considering the size of minimal markings and period vectors in Petri net reachability sets, it is necessary to have a precise idea of the size of Petri nets. For that we use the same de nition of size as Valk and Vidal-Naquet.
De nition 2. T = f t j t 2 Tg and F( t; p) = F(p; t) and F(p; t) = F(t; p), for every p 2 P and t 2 T.
From the de nitions of cyclic Petri nets, we deduce the following lemma. This problem has been shown decidable by Karp and Miller 10] . However, the rst primitive recursive algorithm for this problem has been given by Racko 15] . Let us recall Racko 's theorem on the coverability problem. This will help us to nd a bound on the space complexity of the cyclicity problem (the problem of deciding whether a Petri net is cyclic). 
